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Enhanced geometric model for numerical microstructure analysis of
plain-weave fabric-reinforced composite

Piotr Kowalczyk*

Institute of Fundamental Technological Research, Polish Academy of Sciences, Pawińskiego 5b,
02-106 Warsaw, Poland

(Received 3 December 2013; accepted 10 February 2014)

Although there have been several numerical models used by different authors to
model microstructural behaviour of a woven fabric-reinforced composite ply, they
all suffer from geometric simplifications that may affect their validity or at least
accuracy of results. This paper presents an enhanced model of a representative vol-
ume element RVE of this kind of composite with the plain-weave fabric pattern.
Many important simplifications are overcome while the mathematical description
remains simple. A dedicated FE mesh generator allows to reproduce all geometric
details in the computational model. Computational examples of homogenization of
orthotropic elastic constants illustrate application of the model.

Keywords: geometric modelling; fabric-reinforced composite; plain-weave fabric;
homogenization; finite element analysis

1. Introduction

Composite fibre-matrix laminates enjoy increasing interest in automotive, aviation and
shipbuilding industries as high-performance materials with advantageous mechanical
and chemical properties. This increasing interest is followed by the need for their reli-
able numerical models that allow to predict their mechanical properties at different
modelling scales.

Composite laminate consists of several laminae of fibre-matrix pre-impregnated
plies stacked on each other and moulded together to form a multilayer sandwich-like
plate. Apart from unidirectional fibre-matrix prepregs, woven fabric-reinforced plies are
widely used as laminae in production of composite laminates. Woven fabrics are appre-
ciated for their low manufacturing costs, better durability in handling and easy form-
ability, especially in doubly curved laminate components.[1–3] They consist of two
families of parallel yarns, interlaced usually at right angle and immersed in matrix. The
yarns are made of multiple parallel fibres, bonded to each other by the same matrix
material that fills the space between them and around the yarns. Due to yarn curvatures
(undulation), woven fabric plies have lower in-plane stiffness and strength than analo-
gous unidirectional fibre plies in the fibre axis direction.[4] Among several possible
weave patterns (Figure 1), the simplest plain-weave type is most commonly applied in
industrial applications.
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Numerical models of mechanical behaviour of composite laminates are mainly
based on the classical laminate theory (CLT) [5] in which the laminate is treated as a
layered Kirchhoff–Love shell whose layers (laminae) are considered homogeneous,
have constant thickness and remain in the plane stress state. The lamina’s material is
typically assumed orthotropic with one of the principal directions normal to the layer.
Extension of this model towards the Reissner–Mindlin kinematical hypothesis [5,6]
results in the appearance of transversal shear stresses and strains in each lamina. In
view of these facts, homogenized mechanical properties of each lamina are crucial data
needed to use this model in practice.

There have been several papers published on this issue regarding woven fabric
materials, dating back to works of Ishikawa and Chou [7,8], through following contri-
butions, e.g. [9–24]. Particularly, the case of plain-weave geometry has been exten-
sively researched in e.g. [1–3,25–33]. The main idea is to define a representative
volume element (RVE) and to derive its macroscopic mechanical properties by correctly
determining its microscopic deformation and stress fields under certain loads.

In the case of plain-weave fabric-reinforced composite ply, whose idealized scheme
is shown in Figure 2(a), the natural choice is the repeatable cell shown in Figure 2(b).
It is characterized by a few geometric parameters and material parameters of the com-
posite constituents: matrix (usually assumed isotropic) and yarns. If the twist of fibres
in yarns is not significant, each yarn may be treated as a unidirectional tow featuring
transversely isotropic properties with the principal direction aligned with the curved
yarn axis.

There are two approaches used to determine the stress and strain fields in RVE –
analytical and numerical. In the first one, the local displacement and/or temperature
field is approximated with e.g. linear function [9,11] or the Fourier series.[33] In the
other, it is approximated by the finite element analysis (FEA).[3,15,25,27,29,32] A
comprehensive review of both analytical and numerical research on mechanical proper-
ties of woven fabric composites up to 2007 can be found in [34].

In all the cases, strict assumptions about the constituents’ geometry and periodic
boundary conditions in the repeatable RVE are necessary. It has to be noted that,
although extended research devoted to this subject has been done in the recent 20 years,
the geometric assumptions in the exploited RVE models suffered from substantial sim-
plifications. Some authors [10,31] have neglected geometric details of yarns and
replaced the 3-D modelling approach with a concept of sub-element layers. But even in
the papers where shapes of the microstructure components’ and their interfaces are

Figure 1. Examples of geometric patterns in woven fabric plies.
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discussed in detail,[15,25,26,30,33] some important features have been treated in a sim-
plified manner or neglected.

Yarn cross-sections are sometimes assumed elliptic,[11,31,35–37] but in view of
available microphotographs of woven fabric composite microstructures (see e.g. [33]
for carbon,[38] for aramid and [39,40] for glass reinforcement fabrics), most authors
tend to rather model their shape as lenticular, with sinusoidal or circular arch-shaped
boundary.[3,9,15,25–27,30,33,41] Moreover, geometric considerations lead to a conclu-
sion that the lenticular cross-section is not symmetric [15,26,30,33] and its shape varies
along the yarn length (section is generally flattened at the contact interface with an
interlacing yarn and bulged on the opposite side), however, this feature is neglected in
many geometric models.

To define yarn surfaces, the yarn cross-section has to be moved along the curved
yarn axis. Usually, simple translation along a sinusoidal (or circular arch-shaped) path
is assumed. This definition does not preserve constant cross-section area of yarns
(indeed, it is constant in all ‘vertical’ cross-section planes, but considering cross-sec-
tions locally orthogonal to the yarn axis, see Figure 3, the higher the local undulation

(a)

(b)

Figure 2. Plain-weave fabric composite lamina, (a) geometric model, (b) a representative vol-
ume element.
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angle /, the smaller the cross-section area A′ < A is). This seems non-physical,
especially in case of high yarn aspect ratios (ti/wi), because the number of fibres in each
yarn cross-section is the same, thus their summaric cross-section area measured
orthogonally to the fibre axis (which is approximately parallel to the yarn axis) should
remain the same in all cross-sections. This might be justified if fibres underwent signifi-
cant shear deformations in the undulated yarn but these are rather negligible. On the
other hand, it is argued that, in cross-sections corresponding to significant values of /,
fibre packing density is higher than elsewhere and that local decrease of the yarn
cross-section area corresponds to lower amount of matrix material. This does not seem
justified either, since the fibre density in yarns is usually high, close to its highest
geometrically allowable value, hence the assumption of its increased value in some
cross-sections is questionable. Besides, the increased fibre density should result in
higher local macroscopic yarn stiffness; it is noteworthy that this fact was not taken
into account in the cited computational models.

There is a variety of different approaches to modelling of yarn-to-yarn interface
(two striped surface patches within zone I in Figure 4), as well as the matrix `eye’ at
the intersection of inter-yarn spaces (zone III in Figure 4). As it can be seen, the adja-
cent yarn surfaces do not remain in full contact. In fact, contact occurs only in the
neighbourhood of central planes of both the yarns. Elsewhere, there is a thin gap

Figure 3. Variable cross-section area in a classical yarn model.

Figure 4. RVE for plain-woven fabric composite lamina – geometry details; zone I contains
interlace of two yarns, zone II contains bridge segments of yarns (between intersections) and
zone III – the matrix space between yarns.
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between the surfaces. The only case when the gap vanishes is when no horizontal
inter-yarn spaces in both the yarn families exist, i.e. w1 = s1 and w2 = s2 (no zones II
and III). In some of the cited models,[27] the authors limit themselves to just this spe-
cial case, in some other,[28,30] geometry of yarns is initially deformed so that they
remain in full contact within the interlace zone I. The latter assumption may only be
justified for very flat, wide yarns. In [25], an artificial finite thickness matrix layer is
introduced between the contacting interfaces. In [15], the inter-yarn gap is assumed
filled with matrix and its geometry is investigated in detail, however, the geometric
model refers to only the satin-weave fabric pattern (where the matrix gap is even more
evident than in the plain-weave fabrics). In [1,3,14,32,37], the interface geometry is
modelled with no simplifications, however, the authors consider only the textile compo-
nent of the composite, neglecting matrix.

The objective of this paper is to present a geometric model of the RVE for plain-
weave woven fabric laminae that is free from the above-mentioned simplifying assump-
tions and easy to use in numerical homogenization analysis. Exact geometry of yarns
and matrix-filled zones is defined, including details of matrix space (zone III), as well
as gaps between interlacing yarn surfaces (striped patches in zone I in Figure 4). A
dedicated finite element mesh generator has also been written, so that correct hexahe-
dral meshes of required density can be obtained for different values of geometric
parameters.

2. Geometric model of the RVE

2.1. Analytical description

Woven fabric composite ply has complex 3D geometry. Yarns form two families
arranged in two orthogonal directions: x1 (warp yarns) and x2 (weft yarns), see Figure 2.
Yarns of these families are mutually woven around each other forming fabric in which
each yarn is multiply undulated and contacts the others at the internal surface of each
undulation. Contact does not usually occur at the entire yarn surface (more strictly –
the rectangular part of the surface that `meets’ the analogous part of the interlacing yarn
surface; see two adjacent striped areas in Figure 4); there is rather a thin, sharp-edged
gap between the contacting yarns. This space is assumed filled with matrix (although
other assumptions may be alternatively made here). The entire remaining space around
yarns is also filled with matrix that extends up to x3 ¼ � t

2, i.e. to the upper and lower
surfaces of the lamina.

All interfaces of microstructure constituents (yarns and matrix) are assumed per-
fectly glued in the model. Again, other assumptions may also be made regarding the
interface contact conditions.

In this study, the mathematical description of yarn geometry is based on the follow-
ing fundamental assumptions.

(1) The yarn in its actual shape is transformation image of a parent rectangular
prism depicted in Figure 5(a). Value ranges of the parent coordinates are
n2 2 � 1

2 ;
1
2

� �
, n3 2 � 1

2 ;
1
2

� �
, while ξ1 is generally infinite but – limiting our-

selves to a single RVE – we can set its limits as approximately1 ξ1 2 [−1, 1].
Coordinates of each material point of the yarn (x1, x2, x3) are thus parametric
functions of (ξ1, ξ2, ξ3), see Figure 5(b). The transformation is reversible except
for the yarn side edges (n2 ¼ � 1

2) where singularity occurs.
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(2) The central plane axial lines (ξ3 = 0, n2 ¼ const) in the parent configuration are
transformed to sinusoidal lines described by the following equations

x1 ¼ n1s2; x2 ¼ s1
2
þ n2w1 ¼ const; x3 ¼ �a1ðn2Þ sinðpn1Þ (1)

for the warp yarn and

x1 ¼ s2
2
þ n2w2 ¼ const; x2 ¼ n1s1; x3 ¼ a2ðn2Þ sinðpn1Þ (2)

(a)

(b)

Figure 5. Parent (a) and actual (b) configuration of yarns in RVE. Shaded are the central strip
(ξ2 = 0) and the cross-sections perpendicular to undulated central lines (n1 ¼ const). Warp yarn
sections are shaded in darker gray.
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for the weft yarn.2 The coefficients a1 and a2 are undulation parameters of each
line. For the central line (ξ2 = 0) they equal a1 ¼ 1

2 t2 (warp yarn) and a2 ¼ 1
2 t1

(weft yarn), respectively. For other ξ2, values of a1 and a2 will be derived further.

(3) Each vertical segment in the parent configuration, n3 2 � 1
2 ;

1
2

� �
, perpendicular to

such a central axial line at the point (ξ1, ξ2, 0) remains in the actual configuration
straight, perpendicular to the sinusoid line given by Equations (1) or (2), its centre
lies on the sinusoid line and its height hi, constant along ξ1, equals

hiðn2Þ ¼ ti cosðpn2Þ (3)

(with i = 1 for the warp yarn and i = 2 for the weft yarn). In other words, a rectan-
gular cross-section n2 ¼ const of the parent prism corresponds in the real yarn to
a curved constant width strip in the plane x2 ¼ const (for warp yarns) or
x1 ¼ const (for weft yarns) whose central line is a sinusoid given by Equations (1)
or (2) and whose width hi depends on ξ2 according to Equation (3). For the warp
yarn, these assumptions can be expressed with the following parametric equations

x1ðn1; n2; n3Þ ¼ x1ðn1; n2; 0Þ � n3h1 sin/;
x2ðn1; n2; n3Þ ¼ x2ðn1; n2; 0Þ;
x3ðn1; n2; n3Þ ¼ x3ðn1; n2; 0Þ þ n3h1 cos/

(4)

where xi (ξ1, ξ2, 0) are given by Equations (1), h1 = h1(ξ2) is given by Equation
(3) and /(ξ1, ξ2) is the undulation angle, i.e. the angle whose tangent tan /
equals the directional slope @x3=@x1 of the parametric surface defined by
Equations (1). Substituting (1)1 to (1)3 and denoting b1(ξ1, ξ2) = tan / and c1(ξ1,
ξ2) = cos /, we obtain

b1 ¼ @x3ðn1; n2; 0Þ
@x1

¼ � pa1ðn2Þ
s2

cosðpn1Þ; c1 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b21

p (5)

and rewrite Equations (5) as

x1 ¼ n1s2 � n3h1b1c1;

x2 ¼ s1
2
þ n2w1; (6)

x3 ¼ �a1ðn2Þ sinðpn1Þ þ n3h1c1:

Analogously, we derive for the weft yarn

x1 ¼ s2
2
þ n2w2;

x2 ¼ n1s1 � n3h2b2c2; (7)

x3 ¼ a2ðn2Þ sinðpn1Þ þ n3h2c2:

with h2 = h2(ξ2) given by Equation (3) and
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b2 ¼ @x3ðn1; n2; 0Þ
@x2

¼ pa2ðn2Þ
s1

cosðpn1Þ; c2 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b22

p : (8)

(4) The only relationships needed to complete the transformation Equations (7) and
(8) are the distributions ai(ξ2). Note that their values are already known at
ξ2 = 0, i.e. one can determine the ‘central strip’ of each yarn (image of the par-
ent rectangular cross-section at ξ2 = 0, shaded in Figure 5). It is now assumed
that all strips of the weft yarn contact the warp yarn at the upper edge of its
central strip. Similarly, all strips of the warp yarn contact the weft yarn at the
lower edge of its central strip. This condition allows to determine distributions
of ai(ξ2) in Equations (7) and (8) for both yarns. For instance, to compute a2
for a given ξ2 = c for the weft yarn, one needs to consider a point on its lower
surface being the image of ðn1; n2; n3Þ ¼ 1

2 ; c;� 1
2

� �
. Its actual coordinates are

x1 ¼ s2
2 þ cw2, x2 ¼ 1

2 s1 and x3 ¼ a2 � 1
2 h2. According to our assumptions, this

is the contact point of the two yarns. The adjacent point of the warp yarn lies
at the upper edge of its central strip and must have the same coordinates. Thus,
one needs to find the point at this edge of the warp yarn whose coordinate x1
equals s2

2 þ cw2 (this is an inverse problem of Equation (7)), compute its
coordinate x3, and realize that for the weft yarn there must be a2 ¼ x3 þ 1

2 h2.
Analogous algorithm can be formulated to compute values of a1 for the warp
yarn. Unfortunately, the relationships ai(ξ2) cannot be expressed with closed-
form formulae and they are rather derived for given values of ξ2 in numerical
iterations.

The above conditions are complete and allow to determine actual positions of all
yarn material points, in particular their surface points.

In the presented model, lines that fulfil the conditions n2 ¼ const, n3 ¼ const in the
parent configuration correspond to curved axes of individual fibres in yarns. In the case
of ξ3 = 0 they are given with Equations (1) and (2). Note that these lines are not paral-
lel to each other; thus, the perpendicular segments described in the condition 3 are nei-
ther. This means that a planar cross-section n1 ¼ const in the parent prism, when
transformed to the actual yarn cross-section, is generally not planar any more (although
it is ruled by straight lines). This may be considered a violation of our previous
assumption that individual fibres in yarns are laid parallelly (which allows to assume
the yarns to be transversely isotropic and to employ the parametric constitutive equa-
tions for UD tows). It must be noted, however, that for the assumed model geometry
(small thickness-to-width ratio of yarns) such a non-parallel deviation is insignificant
and its effects will be neglected in further discussion. Besides, to accommodate these
small deviation from parallel yarn layout, the principal axis of transverse isotropy in
yarns will be assumed parallel to the lines given by Equations (1) and (2) in each yarn
section point.

The geometric model described above preserves constant cross-section area of yarns
measured perpendicularly to the yarn axes. Moreover, it allows yarns to be shaped
freely – each fibre in the yarn forms a sinusoid whose undulation is only constrained
by neighbouring fibres and by presence of intersecting yarns. This results e.g. in cyclic
asymmetry of yarn cross-sections at intersections with other yarns, observed in micro-
photographic images [33] and frequently disregarded in geometric models. Conse-
quently, the yarn surfaces at their contact interface are described realistically, with the
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natural gap that forms between them. Figure 6 shows a number of cross-sections of the
RVE quarter made with parallel surfaces x1 ¼ const. Yarn sections are shaded. One can
see that full contact between yarns occurs along the central strip edges only (ξ2 = 0,
n3 ¼ 1

2 for the warp yarn – dashed line in Figure 6, and ξ2 = 0, n3 ¼ � 1
2 for the weft

yarn – solid line in the most right cross-section in Figure 6). In the remaining area, a
thin sharp-edged gap between yarns is visible.

2.2. Material properties

Material properties of the microstructure constituents are generally anisotropic and it is
necessary to define principal directions orientation in material points of the geometric
model. For elastic stiffness C, described by tensorial coefficient of the 4th rank, local
components of this material tensor in the Cartesian coordinate system (x1, x2, x3) are
denoted by Cm

ijkl for matrix and Cy
ijkl for yarns, respectively.

Matrix is usually assumed isotropic. For yarns, the assumption of orthotropy (at
least transversal isotropy) has to be generally made. In the geometric model presented,
the local orientation of principal axes of orthotropy is assumed to coincide with axes
(ξ1, ξ2, ξ3) which are approximately orthogonal in the actual configuration of RVE.
Thus, components of the material stiffness tensor will be expressed as

Cy
ijkl ¼ RipRjqRkrRls C

y loc
pqrs ; (9)

where the components superscribed by y loc are known material constants of yarns in
their natural coordinate system defined by local orientation if fibres while Rip are com-
ponents of the local rotation matrix, i.e. normalized derivatives dxi=dnp.

An important property of fibre-matrix composites is the fibre volume fraction
b ¼ V f=V . This depends on the fibre packing density in yarns and relations between
yarn volumes and the total composite volume. It is assumed that warp and weft yarns
are UD fibre-matrix tows with constant fibre volume fractions by warp and by weft,
respectively, (usually by warp ¼ by weft ¼ by). Thus,

Figure 6. Yarn-to-yarn contact zone shown on cross-sections x1 ¼ const according to the pre-
sented geometric equations. Visible are sharp-edged curvilinear gaps between yarns; full contact
occurs along the central strip edges only.
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b ¼ 1

V
ðby warpV y warp þ by weftV y weftÞ: (10)

For the model RVE (Figure 2), the total volume is V = 4s1s2t. Volumes of yarns, V y warp

and V y weft, cannot be easily expressed analytically; they can be approximately deter-
mined, though, during the finite element mesh generation, described below.

2.3. Finite element mesh

To make the geometric model more handy in computational applications, a finite ele-
ment mesh generator has been written to produce finite element meshes along with
appropriate periodic boundary conditions defined for mesh nodes. Generated meshes
consist of mainly 8-node brick elements. Only in the yarn-to-yarn interface zone, where
the thickness of the matrix cushion is nearly zero, there are a few wedge elements

(a)

Figure 7. Representative volume element – examples of FE mesh; (a) s1 = s2 = s, t = 0.45s, w1 =
0.8s, w2 = 0.6s, t1/w1 = 2/w2 = 0.25; (b) s1 = s2 = s, t = 0.14s, w1 = 0.8s, w2 = 0.6s, t1/w1 = t2/
w2 = 0.075. (continued on the next page)
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accompanied by a few degenerated bricks. Wherever the matrix layer thickness is less
than 10% of the typical element size, the layer is neglected and the adherent elements
of the neighbouring yarn surfaces are assumed in contact. Mesh density can be selected
arbitrarily.

Figure 7 shows examples of finite element meshes for two different sets of geomet-
ric parameters of woven fabric composite. Main cross-sections and separated mesh lay-
ers for different microstructure components are shown in detail. The mesh generation
algorithm ensures coincidence of surface nodes at the interfaces of microstructure con-
stituents. This allows to impose various contact conditions at the interfaces, from full
adhesion to slip contact with friction. In the following computational examples, full
adhesion has been assumed there.

3. Application: numerical homogenization of elastic constants

As an example of application, the problem of numerical homogenization of elastic con-
stants of the plain-weave woven fabric lamina has been solved. The problem formula-
tion is classical. It will be shown that results obtained with the proposed geometry of
the RVE cell correspond very well to experimental data, as well as to analytical results
of other authors.

(b)

Figure 7. (Continued).
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Finite element method has been used to solve a series of static analyses of a RVE
cell with prescribed geometric parameters and material properties of the constituents
(matrix and yarns). ABAQUS FE system [42] was employed in all reported analyses.
Six deformation modes have been imposed on the FE cell model, each of them corre-
sponding to the average state of strain in the cell in which only one of the strain com-
ponents feg ¼ fe11; e22; e33; e23; e31; e12g is non-zero while the others are zero. Having
computed stress distributions in the cell for each of the strain states, we are able to
determine six averaged stress components frg ¼ fr11; r22; r33; r23; r31; r12g and, con-
sequently, all 36 components of the 6 × 6 macroscopic elastic stiffness matrix of the
composite, given by the formula

frg ¼ ½C� feg: (11)

No assumptions about anisotropy of ½C� are made, however, it appears from the analy-
sis results that it has an orthotropic form, with principal directions coincident with x1,
x2, x3, respectively:

½C� ¼

C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

2
6666664

3
7777775
: (12)

Deformation modes have been imposed by means of prescribed displacements at mid-
points of the cell walls. Values of prescribed displacements for particular deformation
modes are displayed in Table 1. The remaining nodes in the walls were subject to mul-
tipoint constraints. On side walls (i.e. those orthogonal to the axes x1 and x2), the con-
straints corresponded to periodic boundary conditions, imposed to ensure repeatability
of the cell walls deformation in the neighbouring cells,

uiðs2; x2; x3Þ � uiðs2; 0; 0Þ ¼ uið�s2; x2; x3Þ � uið�s2; 0; 0Þ;
uiðx1; s1; x3Þ � uið0; s1; 0Þ ¼ uiðx1;�s1; x3Þ � uið0;�s1; 0Þ;

(13)

Note that no other limitations on the wall deformation were produced by these
conditions. On the upper and lower walls (x3 = ± t/2), plane stress conditions are typi-
cally assumed in analysis of this type, i.e. the deformation of the faces is allowed free.
Here, however, the faces were treated in a different way. It has been assumed that the
considered lamina is a part of a multilayer laminate composite shell, hence standard

Table 1. Prescribed displacements imposed on side midpoints for six deformation modes; � << 1
is an arbitrary strain level value.

No. Average strain feg Imposed displacements

1 {�, 0, 0, 0, 0, 0} u1(±s2, 0, 0) = ±�s2
2 {0, �, 0, 0, 0, 0} u2(0, ±s1, 0) = ±�s1
3 {0, 0, �, 0, 0,0} u3ð0; 0;� t

2Þ ¼ �� t
2

4 {0, 0, 0, �, 0, 0} u2ð�s2; 0; 0Þ ¼ � 1
2 �s2; u1ð0;�s1; 0Þ ¼ � 1

2 �s1
5 {0, 0, 0, 0, �, 0} u3(±s2, 0, 0) = 0, u1ð0; 0;� t

2Þ ¼ �� t
2

6 {0, 0, 0, 0, 0, �} u3(0, ±s1, 0) = 0, u2ð0; 0;� t
2Þ ¼ �� t

2
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free-surface plane stress conditions cannot be justified because the upper and lower face
deformation of each lamina are constrained by deformation of the neighbouring lami-
nae.3 On the other hand, application of periodic conditions analogous to those imposed
on the side walls (as it was done e.g. in [14]) corresponds to only a very impractical
case when laminae are placed one on another in the same orientation and with zero tan-
gential shift. This is, however, not the case – to the contrary, laminae are typically
organized in such a way that their orientations (and sometimes also material properties)
change from layer to layer. Deformation of the side face points of a lamina is thus
locally constrained in a rather random way, depending on which parts of neighbouring
lamina cells meet each other at a particular location. To overcome this problem, a sort

Figure 8. Representative volume element – deformation modes; symmetric quarters are only
shown for the elongation modes.
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of generalized plane strain assumption was enforced on the face deformation in this
study. It was namely assumed that the faces x3 = ± t/2 remained plane and their defor-
mation was uniform,

uiðx1; x2;��tÞ ¼ uið0; 0;��tÞ þ x1
s1

uiðs2; 0; 0Þ þ x2
s2

uið0; s1; 0Þ: (14)

Figure 8 presents deformation modes of the cell FE mesh for a typical set of dimen-
sionless geometric and material data: Ey

p ¼ 1, Em ¼ 0:01, Ey
t ¼ 0:16, Gy

pt ¼ 0:08,
mm ¼ 0:36, mypt ¼ 0:25 (i.e. νtp = 0.04) mytt ¼ 0:20, s1 = s2 = 1, w1 = 0.8, w2 = 0.6,
t1 = 0.2, t2 = 0.15, t = 0.45 (subscripts p, t at anisotropic yarn data denote parallel and
transversal directions, respectively). The strain level is � ¼ 0:001 but displacements in
the graphs are scaled by 250. One can see that the initially plane side walls of the RVE
cell are visibly deformed out of their planes which results from significant differences
between yarn and matrix material properties. Periodicity conditions are strictly
preserved, though.

To validate the numerical model presented above, comparisons of FEA results were
made to published material data and other numerical analyses of woven fabric compos-
ites and their laminates. Unfortunately, it is difficult to find comprehensive experimental
results, including complete sets of measured elastic constants of both the constituents
and the composite material. Available reports are limited to e.g. only few measured
elastic constants, e.g. two longitudinal stiffness moduli in the warp and weft directions.
On the other hand, it is much easier to find published results obtained with other
numerical models. Thus, results of this study model are going to be compared with
published data of both kinds.

FEA results strongly depend on mesh density. In the reported analyses, this parame-
ter was selected at the level of 40 elements per cell width s. It was computationally
verified that increase of this value by 50% makes the resulting elastic constants change
by less than 1%.

Table 2. Comparison of this study results with those of [43] for e-glass/epoxy plain-weave com-
posite.

Geometric data Matrix data Fiber data Yarn data

s1 ¼ s2 ¼ 0:67 mm Em ¼ 3:5 GPa Ef ¼ 72 GPa Ey
p ¼ 51:5 GPa

w1 ¼ w2 ¼ 0:62 mm mm ¼ 0:35 Gf ¼ 27 GPa Ey
t ¼ 17:5 GPa

t1 ¼ t2 ¼ 0:05 mm by ¼ 0:70 Gy
pt ¼ 5:80 GPa

t ¼ 0:10 mm mypt ¼ 0:31

Gy
tt ¼ 6:60 GPa

Woven fabric composite data [43] exper. [43] anal. This study

E1 = E2 [GPa] 19.3 20.3 21.65
G12 [GPa] – 3.7 3.88
G13 =G23 [GPa] – – 2.82
ν12 – 0.23 0.166
ν13 = ν23 – – 0.373
β 0.42 0.412

424 P. Kowalczyk

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 T

ow
n 

L
ib

ra
ry

 o
f 

Sh
en

zh
en

] 
at

 1
2:

49
 2

8 
D

ec
em

be
r 

20
15

 



T
ab
le

3.
C
om

pa
ri
so
n
of

th
is
st
ud

y
re
su
lts

w
ith

th
os
e
of

[4
3]

fo
r
ca
rb
on

/e
po

xy
pl
ai
n-
w
ea
ve

co
m
po

si
te
.

G
eo
m
et
ri
c
da
ta

M
at
ri
x
da
ta

F
ib
er

da
ta

Y
ar
n
da
ta
,
C
C
A

m
od

el
Y
ar
n
da
ta
,
F
E
A

m
od

el

s 1
¼

1:
14

m
m

s 2
¼

1:
14

m
m

E
m
¼

3:
5
G
P
a

E
f p
¼

23
0
G
P
a

E
y p
¼

18
2:
5
G
P
a

E
y p
¼

18
0:
15

G
P
a

w
1
¼

0:
96

m
m

w
2
¼

1:
10

m
m

mm
¼

0:
35

E
f t
¼

40
G
P
a

E
y t
¼

18
:5

G
P
a

E
y t
¼

15
:4
2
G
P
a

t 1
¼

0:
08

m
m

t 2
¼

0:
08

m
m

G
f pt
¼

24
:0

G
P
a

G
y pt
¼

7:
55

G
P
a

G
y pt
¼

6:
57

4
G
P
a

t
¼

0:
16

m
m

mf pt
¼

0:
26

my pt
¼

0:
28

my pt
¼

0:
27

47

G
f tt
¼

14
:3

G
P
a

G
y tt
¼

6:
70

G
P
a

G
y tt
¼

5:
49

4
G
P
a

b
y
¼

0:
78

W
ov

en
fa
br
ic

co
m
po

si
te

da
ta

[4
3]

ex
pe
r.

[4
3]

an
al
.

T
hi
s
st
ud

y
C
C
A

ya
rn

m
od

el
T
hi
s
st
ud

y
F
E
A

ya
rn

m
od

el

E
1
[G

P
a]

49
.3

52
.4

55
.9
7

54
.6
5

E
2
[G

P
a]

60
.3

58
.9

62
.2
2

60
.7
4

G
1
2
[G

P
a]

–
5.
1

4.
78

4.
24

G
1
3
[G

P
a]

–
–

2.
98

2.
81

G
2
3
[G

P
a]

–
–

3.
03

2.
86

ν 1
2

–
0.
07

0.
05

3
0.
05

0
ν 1

3
–

–
0.
41

5
0.
45

2
ν 2

3
–

–
0.
43

5
0.
45

8
β

0.
44

0.
44

9

Advanced Composite Materials 425

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 T

ow
n 

L
ib

ra
ry

 o
f 

Sh
en

zh
en

] 
at

 1
2:

49
 2

8 
D

ec
em

be
r 

20
15

 



Tables 2 and 3 show comparison of this study results with analytical and experi-
mental results obtained by Naik and Ganesh [43]. They investigated single composite
plies made of epoxy matrix and various types of fibres appearing in woven fabric
yarns. Experimental data for only two longitudinal moduli were available for only two
fibre types, e-glass and carbon, while approximate analytical method (slice array
method) was used to also determine the in-plane shear modulus and in-plane Poisson
ratio. Elastic properties and geometric parameters of the composite components used in
the analysis are given in the upper part of both tables. Mechanical properties of yarns
have been determined on the basis of fibre and matrix properties according to the ana-
lytical CCA method (results given after [43]) and the more exact FEA method,[44] for
known fibre volume fraction by. Significant differences were only seen for yarns made
of anisotropic carbon fibres. The lower parts of Tables 2 and 3 contain resulting com-
posite material constants. As it can be seen, this study results are similar to the cited
data, however, our stiffness moduli appear slightly higher than those reported in [43].
This can be explained by the fact that the cited data are obtained for a single layer,
while this study model contains additional boundary conditions on the inter-layer com-
mon surface which make it stiffer.

Scida et al. [11] published results of similar computations performed for a plain-
weave composite with the use of the CLT. They obtained analytically the full set of
composite elastic constants, moreover, their computations were done for a multilayer
laminate rather than for just a single layer. On the other hand, they limited themselves
to only isotropic e-glass fibres in the composite microstructure (although the yarns,
being fibre-matrix composite tows, were considered transversely isotropic). Elastic
properties and geometric parameters of the composite components used in the analysis
are given in the upper part of Table 4. The lower part of the table presents comparison
of this study results with both analytical and experimental results of [11]. Again, this
study results remain in satisfactory accordance with the experimental results, except for
the G12 modulus which is underestimated (while the other cited analytical method visi-
bly overestimates it).

Table 4. Comparison of this study results with those of [11] for e-glass/vinylester plain-weave
composite laminate.

Matrix data Yarn data Geometric data

Em ¼ 3:4 GPa Ey
p ¼ 57:5 GPa wi ¼ si ¼ 0:6 mm

mm ¼ 0:35 Ey
t ¼ 18:8 GPa ti ¼ 0:05 mm

Gy
pt ¼ 7:44 GPa t ¼ 0:10 mm

mypt ¼ 0:25

mytt ¼ 0:29

Woven fabric composite data [11] exper. [11] anal. This study

E1 = E2 [GPa] 24.8 ± 1.1 25.33 25.15
E3 [GPa] 8.5 ± 2.6 13.46 10.47
G12 [GPa] 6.5 ± 0.8 5.19 5.038
G13 =G23 [GPa] 4.2 ± 0.7 5.24 3.117
ν12 0.1 ± 0.01 0.12 0.134
ν13 = ν23 0.28 ± 0.07 0.29 0.341
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4. Concluding remarks

The presented geometric model of RVE for plain-weave woven fabric features a num-
ber of important details that were neglected in previously published models. Constant
yarn cross-section is preserved, even for highly undulated yarns. Yarn-to-yarn interface
is modelled with all geometric details, including matrix-filled layer of variable thickness
between intersecting yarns. Principal direction of transverse isotropy in yarns is locally
aligned with fibre axis direction.

There are a few assumptions that may be questioned in the geometric definition
of the model. One is sinusoidal shape of each fibre, i.e. a line corresponding to con-
stant values of ξ2 and ξ3 in the parent configuration. It may be argued that these lines
should consist of curved arches in the neighbourhood of actual contact zone with the
intersecting yarn and straight segments between them. Such a concept, however, is
based on the assumption that individual fibres have no stiffness for bending. Since
this assumption is only approximately true, the assumed geometric simplification
seems justified.

Another feature of the presented model that may be considered a drawback is dif-
ferent lengths of individual fibres crossing the yarn cross-sections at different locations.
It can be seen that the edge line of the yarn is less undulated (and thus effectively
shorter) than fibre lines in the centre of its width. However, these differences, also pres-
ent in the very strict model of [30] seem justified as during the hot moulding process
fibres have certain freedom of axial movement relative to their neighbours and such
fibre length incompatibility can be accommodated this way.

The assumption a1 ¼ 1
2 t2 and a2 ¼ 1

2 t1 at ξ2 = 0 ensures equal vertical coordinate x3
at extreme warp and weft yarn surface bulges in the middle of the interlace zones
(x1 = ± s2/2, x2 = ± s1/2). This condition may be questioned for yarn families with signif-
icant difference of yarn aspect ratio ti/wi. Thus, applicability of the presented model is
limited to patterns in which t1/w1 ≈ t2/w2. This approximation is reasonable in most
actual composites.

Assumption of full adhesion in the interfaces between the microstructure constitu-
ents, made in the computational examples, may be criticized for its simplicity. It is
stressed, however, that this was just the simplest choice and there is no difficulty to
replace it by more advanced conditions, depending on nature of investigated phenom-
ena. The finite element mesh generator ensures coincidence of surface nodes in meshes
of yarns and matrix, but the contact conditions may be easily redefined as e.g. frictional
slip. Besides, the matrix cushion in the yarn-to-yarn interface, that may require to be
treated as separate material because of its actually observed porosity, is a separate part
of the finite element mesh and may be thus easily assigned different material properties
than those assumed for matrix. It is noteworthy that there is obviously no problem with
assigning non-linear inelastic properties to all the microstructure constituents. These
features indicate that presented model is in fact more universal than it has been shown
in the numerical examples.

In spite of the mentioned simplifications, numerical examples show good agreement
of the homogenized elastic constants of woven fabric composite with known experi-
mental data.

It is concluded that this work establishes an enhanced basis for geometrical
description of woven fabric composites. It is hoped that it will find applications in
building advanced computational models of micro mechanical behaviour of composite
materials.
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Notes
1. Strictly speaking, since the ξ1 = ± 1 sections of warp and weft yarns do not exactly lie in the

planes x1 = ± s2 or x2 = ± s1, respectively, the RVE (understood as prismatic brick) will include
some yarn points with the parent coordinate ξ1 falling slightly beyond the interval [−1, 1]
while some other, with ξ1 2 [−1, 1], fall beyond the RVE domain. This is not a formal prob-
lem, though, as the transformation equations are well defined for any value of ξ1.

2. For the sake of simplicity, we limit ourselves to present equations for only those yarns that
interlace in the x1 > 0, x2 > 0 quarter of the RVE, i.e. those displayed in Figure 5(b). For the
two other yarns the equations are analogous, only signs have to be reversed in appropriate
places.

3. The case of external, upper or lower lamina in a multilayer section (whose one side deforms
freely) is not considered here; if the number of layers is large enough, the expected inaccu-
racy caused by this negligence is assumed insignificant.
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